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Abstract. In this paper we study Hardy and Rellich type inequalities for Baouendi- 
Grushin vector fields : \/j = (V^:, |a;p'''Vjy) where 7 > 0, Va; and Vy are usual gradient 
operators in the variables x e K™ and y € M*^, respectively. In the first part of the paper, 
we prove some weighted Hardy type inequalities with remainder terms. In the second part, 
we prove two versions of weighted Rellich type inequality on the whole space. We find 
sharp constants for these inequalities. We also obtain their improved versions for bounded 
domains. 



1. Introduction 

This paper is concerned with Hardy and Relhch type inequahties with remainder terms 
for Baouendi-Grushin vector fields. Let x G M*", y G M'^, 7 > and n = m + k, with 
m,k > 1. Then the following Hardy type inequality for Baouendi-Grushin vector fields has 
been proved by Garofalo 



where (p G C^(M™ x \ {(0, 0)}) and Q = m + (1 + -f)k. Here, and Vy0 denotes the 
gradients of in the variables x and y, respectively. A similar inequality with the same 
sharp constant (^^)^ holds if replaced by f2 and contains the origin [Dj. If 7 = 
then it is clear that the inequality (1.1) recovers the classical Hardy inequality in R"" 



\z\ 



where z = {x, y) G x R and the constant (^^)^ is sharp. There exists a large literature 
concerning with the Hardy inequalities and, in particular, sharp inequalities as well as their 
improved versions which have attracted a lot of attention because of their application to 
singular problems (See [60], [PV], [BVl, [GP], [DM], |YZ], [Kl] and references therein). 

A sharp improvement of the Hardy inequality (1.2) was discovered by Brezis and Vazquez 
[BVj . They proved that for a bounded domain $7 C R" 

(1.3) |jv^(--)|=d.> (^)Y^M|^d. + MQ^'»/^^V., 

where (f) G C^(f2), uin and \Vt\ denote the n-dimensional Lebesgue measure of the unit 
ball i? C R" and the domain Vl respectively. Here /x is the first eigenvalue of the Laplace 
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operator in the two dimensional unit disk and it is optimal when is a ball centered at 
the origin. In a recent paper Abdelloui, Colorado and Peral |ACPj obtained, among other 
things, the following improved Caffarelli-Kohn-Nirenberg inequality 

(1.4) ljvm\M-^'i^ > (^^^|^)7„P^''-+c(/jv^n.|-"f "d. 

where (/) G C^(fi), -oo < a < 1 < g < 2 and C = C{q,n,n) > 0. Motivated 

by these results, our first goal is to find improved weighted Hardy type inequalities for 
Baouendi-Grushin vector fields. 

It is well known that an important extension of Hardy's inequality to higher-order deriva- 
tives is the following Rellich inequality 

(1.5) / |A*(.)P.. > / 



where (p ^ C^(]R" \ {0}), n ^ 2 and the constant " ^"^ ' is sharp. Davies and Hinz |DHj . 
among other results, obtained sharp weighted Rellich inequalities of the form 

(1.6) / > c [ M|!,, 

Jr" 1^1 Jr" 1^1 

for suitable values of a,P,p and G C^(R" \ {0}). In a recent paper, Tertikas and Zo- 
graphopoulos [TZ] , among other results, obtained the following new Relhch type inequalities 
that connects first to second order derivatives: 

,2 r 



1.7) / \Act>\'dz >\ I 



\z 



2 



where (j) G (M" \ {0}) and the constant ^ is sharp. Recently, Kombe |K2j obtained 
analogues of (1.6) and (1.7), and their improved versions on Carnot groups. Motivated by 
the above results, our second goal is to find sharp weighted Rellich type inequahties and 
their improved versions for Baouendi-Grushin vector fields in that they do not arise from 
any Carnot group. We should also mention that Kombe and Ozaydin [KO] obtained (under 
some geometric assumptions) improved Hardy and Rellich inequalities on a Riemannian 
manifold that does not recover our current results. Analogue inequalities for the Greiner 
vector fields will be given in a forthcoming paper [K3j . 

2. Notations and Back ground material 

In this section, we shall collect some notations, definitions and preliminary facts which 
will be used throughout the article. The generic point is z = (xi, Xm, Vi, Vk) = i.^, y) ^ 
M™- X M*^ with m,k>l,m + k = n. The sub-elliptic gradient is the n dimensional vector 
field given by 

(2.1) v^ = (Xi,--- ,n) 

where 

(2.2) ^^■ = ^' 3 = !,■■■, m, y^ = \A'^^^ J = !,■■■, k. 

The Baouendi-Grushin operator on M'"+'= is the operator 

(2.3) = ■ = A^. + |x|^^Ay, 
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where A^. and are Laplace operators in the variables x G M*" and y G M^, respectively 
(see [B], |Glj . |G2j ). If 7 is an even positive integer then A^ is a sum of squares of C°° vector 
fields satisfying Hormander finite rank condition: rank Lie [ Xi, ■ ■ ■ , X^, 1^, ■ ■ ■ , Ifc] = n. 
The anisotropic dilation attached to A^ is given by 

5x{z) = (Ax, A^+^y), A > 0, z={x,y)e W^+K 

The change of variable formula for the Lebesgue measure gives that 

d o 6\{x, y) = X^dxdy, 

where 

Q = m + (l + 7)fc 

is the homogeneous dimension with respect to dilation 6x. For z = {x, y) G M™" x M.^, let 

1 

(2.4) p = p(^):=(|x|2(i+^) + (l + 7)2|y|2y 

By direct computation we get 



2(1+7) 



\x\ 



12/ 



Let / G C (0, 00) and define u = f{p) then we have the following useful formula 



\x\ 



(2-5) A,u = ^{f" + ^f' 



p27 V ^ p 

We let Bp = {z e W \ p{z) < r}, Bp = {z e W \ p{z,0) < r} and call these sets, 
respectively, p-ball and Carnot-Caratheodory metric ball centered at the origin with radius 
r. The Carnot-Caratheodory distance p between the points z and^o is defined by 

p{z, zq) = inf{length(?7) 1 77 G /C} 

where the set /C is the set of all curves rj such that 7^(0) = z, //(I) = zq and r]{t) is 
in span{Xi(?7(t)), Xm(77(t)), Fi(77(t)), yfc(?7(t))}. If 7 is a positive even integer then 
Carnot-Caratheodory distance of z from the origin p{z,0) is comparable to p{z). ( See 
|FGWj and [Bi] for further details.) 

It is well known that Sobolev and Poincare type inequalities are important in the study 
of partial differential equations, especially in the study of those arising from geometry 
and physics. In |FGW] . Franchi, Gutierrez and Wheeden obtained the following Sobolev- 
Poincare inequality for metric balls associated with Baouendi-Grushin type operators: 

/If \i/p 1 / 1 /■ 

(2.6) (— - / \V,M''Mz)dz) >-(^75Y / mz)\^W2iz)dz) 

where G C^{B) and the weight functions Wi and W2 satisfies some certain conditions. 
Here, c is independent of (j) and B,l<p<q<oo and w{B) = w{z)dz. If wi = W2 = I 
then Monti [M] obtained the following sharp Sobolev inequality 

{\V^<i)\^ + \x\^^\Vy<P\^)dxdy) >C( \(P\^dxdy'^^ 
where C = C{m, k, a) > 0. 
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3. Improved Hardy- type inequalities 

In this section we study improved Hardy type inequalities. These inequalities plays key 
role in establishing improved Rellich type inequalities. In the various integral inequalities 
below (Section 3 and Section 4), we allow the values of the integrals on the left-hand sides 
to be +00. The following theorem is the first result of this section. 

Theorem 3.1. Let 7 be an even positive integer, aGM, — ^ < t < ^, and Q + a — 2 > 0. 
Then the following inequality is valid 

^/n I ^, _ On 2 /• IV7 ^\t+2 ^ 



(3.1) 



p-\V,p\'\V,<p\'dz>(^±^y [ p'^^^^c^'^dz 

Bo ^ ^ JBo P 

+ 



for all compactly supported smooth function (f) G C^{Bp). 

Proof. Let = p^?/) G C^{Bp) and /3 G M \ {0}. A direct calculation shows that 

f p"\V^p\'\V^(t>\^dz = (3^ f p"+2/3-2|y_^^|t+2^2^^ 
J Bp J Bp 

(3.2) +2P [ p'^-'^f-'lV^pl'^pV^p-V^tPdz 



+ [ p"+2/3|y^^|t|y_^^|2^^_ 

JBo 



Applying integration by parts to the middle term and using the following fact 

■ (p^+'^'^'IV^pI^V^p) = {Q + a + 2(3- 2)p°+2/3-2|y_^^|t+2 

yields 

(3.3) [ p''\V,pf\V,(l>\^dz = f{l3) I p"+2^-2|V^pr+Vf^^+ / p"+'^|V-,pr|V^^|'rf^ 



2-a- 



2 ' 



where /(/9) = —(3"^ — /3(a + Q — 2). Note that /(/5) attains the maximum for [3 
and this maximum is equal to Ch = ( '^^2 ~^ )^' Therefore we have the following 

(3.4) f p"|V^p|*|V^0|2rfz = /" p''-^\Vyp\'^^<p^dz+ f p2-Q|v^p|*|V^Vrf^^- 

t/ Bp J Bp J Bp 

It is easy to show that the weight functions W\ = W2 = p^'^^lV^pl* satisfies the Mucken- 
houpt Ai condition for — — < t < — . Therefore weighted Poincare inequality holds (see 
[FHW] . [Lu] . [FGaWj ) and^we have ^ 

JBo ^ ^ JBo 

p''\V^pW^dz 



C^r 

where C is a positive constant and is the radius of the ball Bp. 
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We now obtain the desired inequality 
(3.5) [ p''\'^^p\'\V^<P\^dz>CH [ p"-'|V^p|*+Vc?2+^ / plV^plV'rf^. 

•/ Bp J Bp ^ ^ J Bp 

□ 



Using the same method, we have the following weighted Hardy inequality which has a 
logarithmic remainder term. Similar results in the Euclidean setting can be found in |FTj . 

[Ml, [WW|, [AUP] . 

Theorem 3.2. Let aG M, tGM, Q + a — 2>0. Then the following inequality is valid 

(3.6) [ p''\V,p\'\V,<f>\'dz>CH [ p''-'\V,p\'+'<f>'dz+^- f p-^\V,p\'+'j^dz 

J Bp J Bp J Bp \ p J 

for all compactly supported smooth function (p G C^{Bp). 
Proof. We have the following result from (3.4): 

(3.7) f p"\V.,p\'\V^(t)\^dz = CH j p''-^\V^p\'^^(l)^dz+ f p^-^jV-^pHV^^I^rfz. 

t/ Bp J Bp J Bp 

Let i-p G C^{Bp) and set ^^{z) = {l'D.^y/'^ip{z). A direct computation shows that 

/ p'-^\V,p\'\V,^P\'dz>U p-^\V,pr'jr^,dz 
^ ' 1 r A? 

= i / n"-2|V dz 

Jbp^ IV.Pl ^i^p,^^- 

Substituting (3.8) into (3.7) which yields the desired inequality (3.6). □ 

We now first prove the following weighted L^-Hardy inequality which plays an important 
role in the proof of Theorem 3.3, Theorem 4.1 and Theorem 4.5. 

Theorem 3.3. Let Q be either bounded or unbounded domain with smooth boundary which 
contains origin, or M". Let aGM, tGM, l<p<cxo and Q + a — p > 0. Then the 
following inequality holds 

(3.9) / p-\v,p\'\v,<p\^dz > ( Q+^-p y f p-|v,pr^i0rd. 

for all compactly supported smooth functions (p G C^{Q). 
Proof Let (j) = p^^ e C^i^) and /3 G M - {0}. We have 

|v,(p^7A)| = |/?p^-Vv,p + p^v,^|. 

We now use the following inequality which is valid for any a, 6 G M" and p > 2, 



\a 



+ b\P-\af > c{p)\bf + p\a\P-\ ■ b 



where c{p) > 0. This yields 



p"|V^p|*|V0|P > |/3|V^-P+"|V-^p|P+*|^|P + p|/?r2/3p"+'^P+i-P|V-^p|^+*-2|^/'|P~2^/^Vp- V^/'. 
Integrating over the domain Q gives 
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(3.10) 



Jn 



Jn 



Applying integration by parts to second integral on the right-hand side of (3.10) and using 
the fact that V^(|V^p|) • V^p = then we get 

j p''\V^p\'\V4>\^dx>(\(3\P-\pr^P{(^p-p + a + Q)') j p'3^-^+"|V^pr*|^r(iz. 
We now choose (3 = to get the desired inequality 



(3.11) 



p"iv-,priv0|Pc^z > 



) / pIv.pI* 



\(i)\Mz. 



Theorem (3.3) also holds for 1 < p < 2 and in this case we use the following inequality 

\b\' 



\a + b\^-\a\^> c{p)j^^^f^^ + pWr'a ■ b 



where c{p) > (see [L]). 



□ 



We now have the following improved Hardy inequality which is inspired by recent result 
of Abdellaoui, Colorado and Peral [ACPj. It is clear that if 7 = t = then our result 
recovers the inequality (1.4). 

Theorem 3.4. Let Q C M" be a bounded domain with smooth boundary which contains 
origin, l<q<2, Q + a — 2>0,Q = m + {l + 7)^ and (p G C^{Q) then there exists a 
positive constant C = C{Q,q,Q) such that the following inequality is valid 



Iv^pI 



t+2 



dz + cl^f |V^0|^(|V^p|V°)^(^^) 



2/q 



(3.12) / p°|V^p|*|V^0pd2 > / p"' 
Jn Jn 

where Ch = {^^f ■ 

Proof. Let G C^{Q) and i/j = where /3 G M \ {0}. Then straightforward computation 
shows that 

a2 0^ 2 



Therefore 



V,</>|^-V,( 



V^^)p''\V^p\'dz 



V,0 - z. v,V^ 



p"|V^p|*c/z 



> c 



- -V^^ 



7 

*? qa 



p 2 I V^pI 2 dz 



where we used the Jensen's inequality in the last step. Applying integration by parts, we 
obtain 
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J {\V,<p\'-V,{^)-V,i^)p'^\V,p\'dz = J \V,cl>\'p^\V,p\'dz 



+ P(a + P + Q-2) f p-\^^^(l)^dz. 

Jn P 



Therefore we have 



(3.13) 



/ p"|v^p|*|v^0|2d^ >-/?(« + /? + g- 2) f p' 

Jn Jn 



dz 



+ c 



- ^V^V' 



I qa qt \ 2/? 

p 2 |V-yp| 2 dzj 



We can use the following inequality which is vahd for any Wi,W2 £ and 1 < g < 2 
(3.14) c{q)\w2Y > \wi + W2\'^ -\wi\'^ -q\wi\'^''^{wi,W2). 

Using the inequahty (3.14), Young's inequality and the weighted i/-Hardy inequahty (3.9), 
we get 



(3.15) 



'p'f\W^p\2dz>C I \V^4>\'^p"^\W^p\"dz 
'n 



I 31 



where C > 0. Substituting (3.15) into (3.13) then we obtain 

/ p'^\V^p\'\V^(l)\''dz>-p{a+p+Q-2) f p"^^^^02^^+c( / |V^0|V^|V^p|^ci^) 
Jn Jn P ^Jn ^ 

Now choosing /3 = ^""""^ then we have the following inequality 



2/g 



,2/<Z 
□ 



4. Sharp Weighted Rellich-type inequalities 

The main goal of this section is to find sharp analogues of (1.6) and (1.7) for Baouendi- 
Grushin vector fields. We then obtain their improved versions for bounded domains. The 
proofs are mainly based on Hardy type inequalities. The following is the first result of this 
section. 

Theorem 4.1. (Rellich type inequality I) Let 4> G C^{W^^ \ {(0, 0)}), Q = m + (1 + 7)^; 
and a > 2. Then the following inequality is valid 

(4,, / ^|A,0P.. > / 

Jr" WiP\ 16 J^n 

Moreover, the constant ig sharp. 
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Proof. A straightforward computation shows that 

(4.2) A^p"-2 = (Q + a _ 4)(a - 2)p"-^|V^p|l 

Multiplying both sides of (4.2) by (fy^ and integrating over R", we obtain 



Since 



I ^"^A^p^-^dz ^{Q + a- 4)(a -2) [ p'^-^\\/^p\^(f>^dz. 

Therefore 

(4.3) (Q + a-4)(a-2) [ p''-^\V^p\'^(p^dz - 2 I p^-^A^^dx = 2 f p''-'^\V ^4>\^dz. 

Jm" 7r" jm" 

Applying the weighted Hardy inequality (3.9) to the right hand side of (4.3), we get 

(4.4) -/ p-VA.0ci.>( ^ + "~^ (^) / p--'\V,p\'ct>Hz. 
We now apply the Cauchy-Schwarz inequality to obtain 



(4.5) -/ p--^A,4>dz < ( I p'^-'\V,p\'cf>'dzy^'( [ -f-\A,<l>\'dz) 
Substituting (4.5) into (4.4) yields the desired inequality 



1/2 



(4.6) / -f^\K^m^ > / 



It only remains to show that the constant C{Q, a) = "^iV'^ is the best constant 
for the Rellich inequality (4.1), that is 

iA^/r 

— inf 



Given e > 0, take the radial function 

■(^ + e)(p-l) + l if pe[0,l], 

if P>1, 



(4.7) Mp) 



where e > 0. In the sequel we indicate Bi = {p{z) : p{z) < 1} p-ball centered at the origin 
in R" with radius 1. 

By direct computation we get 



(4.8) 



V^pp Jb, iV^pp Jb^^b, IV^pI' 

= A(Q,«,e) + 5(Q,a,e) / p'^'^^l V^pl'ci;^ 
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where 

B{Q, a, e) = ( + e) (— e) . 



(4.9) 



Bp Jb, P^ Jb,\Bi P^ 



C(g,a,e)+ [ p-^-^'dz. 

JBp\Bi 



Since Q + a — 4 > then A{Q, a, e), and C{Q, a, e) are bounded and we conclude by letting 
e — ^ 0. □ 

Using the same argument as above and improved Hardy inequality (3.1), we obtain the 
following improved Rellich type inequality. 

Theorem 4.2. Let cj) e C^{Bp), Q = m+(l + 7)/c andA-Q < a <Q. Then the following 
inequality is valid 



(4.10) 



'B,\^-,P? ' • - 16 Jb, C 

Proof. We have the following fact from (4.3): 

(4.11) {Q + a-4){a-2) j p''-^\V ^p\^<t)^dz - 2 I p"" ^A^^dx = 2 j p""^] V^0|^cZ^. 

J Bp J Bp J Bp 

Applying the improved Hardy inequality (3.1) on the right hand side of (4.11), we get 
(Q + Q;-4)(a-2) / p''-^\V ^p\'^<t)'^dz - 2 I p'^-'^(l)A^4)dz 

J Bp J Bp 

>2( ^ + ^~^ )^ [ p-^\W^p\'ct>'dz+-^ [ p^-^-'dz 



JBp 

Now it is clear that, 

-/ p-~'<pA,ci>dz>{^±^){^) [ p-'\V,p\'ci>'dz 

J Bp Bp 



(4.12) J 



p 



Next, we apply the Young's inequality to the expression — p"' '^(f)A(j)dz and we obtain 

(4.13) -/ p'^-^(j)A^(j)dz<e [ p"-^|V^p|V^t^'Z+^ / P° 

Jb„ Jbo 4e J R 



where e > 0. Combining (4.13) and (4.12), we obtain 



/ p"^(i^>(-462-(Q + a-4)(Q-a)e) / p'^-'\V,p\^'dz+ --^-2' 

JBp IV7PI JBp ^ ^ JB, 



p^'-'cP'dz. 
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Note that the quadratic function — 4e^ — {Q + a — A){Q — a)e attains the maximum for 
^ ^ (Q+a-4)(Q-a) ^j^-^ j^^ximum is cqual to . Therefore we obtain the 

desired inequahty 

(4.14) 



2CV 



2 

□ 



Arguing as above, and using the improved Hardy inequahties (3.2) and (3.4) we obtain 
the following ReUich type inequalities. 

Theorem 4.3. Let (f) e C^{W^+'' \ {(0, 0)}), Q ^ m + {l+-f)k and A- Q < a < Q. Then 
the following inequality is valid 

^JV^pP 16 
^ ■ ^ (Q + c.-4)(Q-a) r 

Theorem 4.4. Le^ e Co°°(l^'"^^ \ {(0> 0)})^ Q = m+ (1 +7)A; anc?4 - Q < a < Q. T/ien 
the following inequality is valid 



(4 16) J'>J^-rP\ 16 7b, 

where Q C a bounded domain with smooth boundary. 

We now have the following ReUich type inequality that connects first to second order 
derivatives. It is clear that if a = 7 = then our result covers the inequality (1.7). 

Theorem 4.5. (ReUich type inequality II) Let (f) G C~(R"^+'= \ {(0, 0)}), Q = m + (1 +7)A; 
and 2 < a < Q. Then the following inequality is valid 



|2 



7V 



-dz. 



Furthermore, the constant C{Q,a) — (^^)^ is sharp. 

Proof. The proof of this theorem is similar to the proof Theorem (4.1). Using the same 
argument as above, we have the following from (4.3) 

(4.18) -/ p"-VA^0dx=/ p"-^|V^(/.|^(i^- ^^^"~'^^^"'~^^ / p"-^|V^p|Vci^. 

It is clear that (Q + a — 4) (a — 2) > and using the Hardy inequality (3.9) {p — 2,t — 0) 
we get 
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(4.19) -/ p--'4>^,4>dz > I p"-2|V,0rdz. 

Let us apply Young's inequality to expression — p°'~^(f)A^(f) dz and we obtain 



(4.20) 



<ei ^J y f p-'\V,<P\'dz + ^ [ p'-^-^dz 



where e > and will be chosen later. Substituting (4.20) into (4.19) and rearranging terms, 
we get 

(4.21) / > ^4(-^). / po^d. 

Jr« IV^pP (g + a-4)2 ^Q + a-i^ V p2 



Choosing e — ^{Q — a){Q + a — 4) which yields the desired inequality 

(4.22) /,.^,.>«^/,.^,,. 

Jr" |V^p|2 4 



To show that constant {^^Y is sharp, we use the same sequence of functions (4.7) and 

we get 

f n<y \^'<'t>^\' dz ' 

as e — )• 0. 

Now, using the same argument as above and improved Hardy inequalities (3.1), (3.6) 
and (3.7) we obtain the following improved Rcllich type inequalities. 

Theorem 4.6. Let (f) e C^{Bp), Q = m + {1 + and 2 < a < Q. Then the following 
inequality is valid 

where C > and r is the radius of the ball Bp. 

Theorem 4.7. Let fl be a bounded domain with smooth boundary dfl. Let (p G C^{Q), 
Q = m + {1 + and 2 < a < Q. Then the following inequality is valid 

(4.24) / > («^)= / p-^d. + C( [ |V,^|V^d.)^" 

Jn NyP\ ^ Jn P ^Jn ^ 

^here C = c(Q-a)m3a-s) 

Theorem 4.8. Let e C^{Bp), Q = m + {1 + and 2 < a < Q. Then the following 
inequality is valid 
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